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An approx imate  solution of the one-d imens iona l  heat -conduct ion p rob lem for  a rod of v a r i -  
able length is obtained by the in tegra l  method. The r e su l t  of calculat ing the t e m p e r a t u r e  in 
a rod f r o m  the obtained fo rmula  is given. 

In obtaining c ry s t a l s  f r o m  the mel t  by the Czochra lski  method a rod (seed) of the s ame  ma te r i a l  as 
the c rys t a l  being grown is  lowered into the cruc ib le  containing the melt .  T h e  crucible  is  heated, the rod 
is  gradual ly  ra i sed ,  and the c rys t a l  is  drawn f r o m  the melt .  We a s s u m e  that the d i ame te r s  of the rod and 
c r y s t a l  a r e  the same ,  and the t e m p e r a t u r e  dis t r ibut ion in them is  uni form (Fig. 1). We obtain a solution 
of the p rob lem s e p a r a t e l y  for  two periods.  In the f i r s t  period the s ta t ionary  rod is heated. The second 
period begins when the rod s t a r t s  to r i se .  

We fo rmula te  the p rob lem for  the f i r s t  period as  follows: 

Ot O2t 
= a - - b ( t - - t z ) ,  (1) 

a~ ax 2 

t (x ,  o ) = t / ,  O ~ x ~ l ,  (2) 

t (o, ~) = t L, (3) 

at(l,  ~____~) = _  a_._~e(t__tt)" (4) 
Ox 

Here  b = ~ u / f c p ,  and the coordinate  or igin  is  si tuated at the bot tom end of the rod. Introducing the sub-  
st i tution 

we br ing s y s t e m  (1)-(4) to the following form:  

u ---- (t - -  t t) exp b'c, (5) 

Ou 02u 

Ov Ox 2 " 

u(x,  0 ) = 0 ,  O.<~ x--< l, 

u (0, ~) = A exp bz, 

Ou (l, ~) _ ~Ze u (l, ~). 
Ox 

(6) 

(7) 
(s) 

(9) 

where  A = t L - t I. 

To solve the p rob lem we use  the in tegra l  method,  which has r ecen t ly  been applied to the solution of 
heat -conduct ion p rob l ems  [1, 2]. 

We now introduce the penet ra t ion  depth 6(~-), i .e . ,  the th ickness  of the l aye r  within which the t e m -  
pe r a tu r e  changes.  Then, for  the period of t ime  l e s s  than To, when 5 < l, u(/, ~) in condition (9) is  equal to 
ze ro  and the p rob lem reduces  to the p rob lem for  a semi iaf in i te  rod. We will seek  the t e m p e r a t u r e  d i s -  
t r ibut ion within 5(7) in the f o r m  
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u = a o + alx + a~x ~ + 33 X3. (10) 

To find the  coef f ic ien ts  conta ined in (10), we a s s i g n  the fol lowing addi t ional  boundary  condi t ions  to (8) 

u (6, "c) = 0, (11) 

Ou (5, "0 = O, (12) 
Ox 

~  "c) - o .  (13) 
Ox 2 

Using condi t ions  (8), (11), (12), and (13), we obtain 

u =  Aexpb'c ( l - -  - ~  )~ . (14) 

To find 5(7) we use  the hea t  ba l ance  in tegra l ,  fo r  which we mul t ip ly  equat ion (6) by dx and in t eg ra t e  in  the 
l imi t s  x = 0 to x = 5. This  g ives  us 

__dOd'c a [ 0u(6, "c)Ox O u ( O ' ' c )  l O x  ' (15) 

w h e r e  
6 

0 ~ S udx. 
0 

Afte r  s imp le  a lgeb ra  we obtain  an  o r d i n a r y  d i f ferent ia l  equat ion fo r  6 

6 d6 + b 5 2 _ 1 2 a = 0  (16) 
dx 

with the  ini t ia l  condi t ion 

6 = 0  at x = O .  (17) 

The solut ion of the equat ion has  the  fol lowing f o r m :  

6 = 2 -~ - [1  - -  exp (--  2b-O] 1/2. 

Put t ing  5 = l and solving e x p r e s s i o n  (18) f o r  7, we find the  t ime  of heat ing of the rod  

Fb ) .  
12a 

1.15 ( 
x 0 ~ : Ig 1 - -  - -  

At t i m e  T = T O the  rod  begins  to a scend  with cons tan t  ve loc i ty .  
i s  fo rmula t ed  as  fol lows:  

Ot 

(18) 

(19) 

The p rob l em fo r  the  second per iod T > r O 

O~t Ot 
- -  w - -  b ( t  - -  t t ), (20) 

- -  = a Ox* Ox 

t(x,  "co) := f (x) ,  O ~ x ~ I ,  (21) 

t (0, "c) = t L, (22) 

Ot (s, x) _ ae (t - -  t l ). (23) 
Ox L 

Condit ion (23) is  imposed  on the  moving  bounda ry  s. The law of mo t ion  of the boundary  is given by the ex -  
p r e s s i o n  

s = l + w ('c - -  "Co). (24) 

The coord ina te  o r ig in  is  s i tua ted  on the moving  c ry s t a l l i z a t i on  f ront ,  which is a s s u m e d  to be plane. The 
ve loc i ty  of c r y s t a l l i z a t i o n  0~ is equal  to the sum of the  a scen t  ve loc i ty  of the  rod  and the  ve loc i ty  of descen t  
of the me l t  in  the c ruc ib le .  Since the  c r y s t a l  i n t e r a c t s  t h e r m a l l y  with the mel t ,  the  fol lowing condi t ions  
will  be  sa t i s f ied  dur ing  g rowth  of the c r y s t a l :  

t (0, "c) = tin(O, "c) = t L, (25) 

248 



t l 

y-. 

X 
,9 

Fig.  1 

90~ 

a,~O . . . .  

0 0,0~ o,D,8 x 

Fig. 2 
Fig.  1. D i a g r a m  i l l u s t r a t i ng  p rob lem.  

Fig.  2. T e m p e r a t u r e  d i s t r ibu t ion  in rod fo r  s = 0.1 m (x, m; t, ~ 

~, ~ ~  (o, ~) _ ~ o/m(O,Ox ~:) [ = owL. (26) 

Hence,  the so lu t ion  of p rob l e m  (20)-(24) with the adopted va lues  of d, ~,  ~e,  tl and the t h e r m a l  p a r a m e t e r s  
of the  m a t e r i a l  has  s e n s e  f r o m  a phys ica l  v iewpoint  fo r  va lues  of  w which sa t i s fy  condit ion (26) for  I 0tin(0, 
r ) / 0 x [  v a r y i n g  within f ixed l imi ts .  This  v a r i a t i o n  can be ach ieved  by va ry ing  the power supply f r o m  the 
h e a t e r  to the  mel t .  Di f fe ren t ia t ing  the  obtained solut ion of the p rob lem,  putting x = 0, and subs t i tu t ing  it 
in  (26) we can  find [ atm(0 , T)/0x[ ,  i .e . ,  d e t e r m i n e  the law of power  supply  to the melt .  

I n t roduc ing  the  subs t i tu t ion  

u = (t - -  t t ) exp [--  (~x - -  k~)], (27) 

we b r ing  s y s t e m  (20)-(23) to the fol lowing f o r m :  

w h e r e  

_ _  O~u (28) 0 U  ~ a - -  

0"~ Ox 2 ' 

u (x, %) = [1 (x), 0 -< x -< I, (29) 

u (0, ~) = A exp kl:, "~ > "~o, (30) 

ou (s, ~ )  _ Fu (s, ~), (31) 
Ox 

w , k = b +  , F = ~ +  
2a 

The  in i t ia l  t e m p e r a t u r e  d i s t r ibu t ion  fl (x) i s  obtained f r o m  a solut ion of the f i r s t  pa r t  of the p rob lem 
f o r  the s t a t i o n a r y  rod  at  ~- = T 0. 

We so lve  the p r o b l e m  by the i n t eg ra l  method.  We seek  the solut ion in the  f o r m  of polynomia l  (10). 

We obta in  an addi t ional  bounda ry  condi t ion 

O~u (0,  ~) A k  
= - -  exp k~ (32) 

Ox 2 a 

by d i f fe ren t i a t ing  (30) with r e s p e c t  to ~- and subs t i tu t ing  in  Eq. (28). Condi t ions  (30) and (32) give 

% = A e x p k ~ ,  a 2 =  A k  exp/~. 
2a 

Using  the b o u n d a r y  condi t ion  (31), we e x p r e s s  the coef f ic ien t  a 1 in t e r m s  of a 3 and wr i t e  e x p r e s s i o n  (10) as:  

u = A exp kT [ 1 - -  m i x  + rn,~x ~] - -  a s (m~x - -  x3), (33) 

w h e r e  

F +  k F k  - - S  ~ - - S  2 
a 2a k 

m l - -  1 +  Fs  , m ~ =  2a ' 
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3s 2 + Fs 8 
m3=  

1 + FS 

To de te rmine  the coefficient  a 3 we use  the heat  balance integral ,  for  which we put u f r o m  (33) into (28), 
mult iply by dx, and in tegra te  between the l imi t s  0 and s: 

dO = a  [ Ou (~, ,) o.  (o, ~) 
d~ [ Ox Ox J 

where  

(34) 

$ 

0 = ~ udx = AB~ exp k'~-- a~Bv 
o 

B1 = 12as + 6aFs 2 - -  4ks 8 - -  Fks ~ 
12a(1 + I s )  

5s ~ + Fs ~ 
B 2 = 

4(I + Fs) 

(35) 

(36) 

(37) 

To find d 0 / d r  we mus t  bea r  in mind that  B 1 a n d  B 2 a re  functions of r,  s ince s is given by express ion  (24) 

_ _  - -  _ _  dB~ dO =Aexpk~ dBx + A k e x p k ~ B  1 das B ~ - - a 3 - -  (38) 
d'~ d'~ dx d'~ 

Substituting (38) in (34) and using re la t ionship  (33), we obtain 

�9 d a 3  + C (~) a3 + D (~) = 0, (39) 
d, 

�9 3as~ + dB~ 
dr 

C ('0 = B. 

exp k~. 

where  

ks - -  dB1 kB 1 
dT 

D ('0 = A B~ 

Different iat ing express ions  (36) and (37) with r e spec t  to r and using the obtained resu l t s ,  we rewr i t e  the 
fo rmu la s  for  C(T) and D(T) in the following form:  

4 [3a(l + Fs)2 + (5s + 5Fs~ + F2s3) - ~  ] 

C (,) = (1 + Fs) (Ss ~ -+- Fs 3) ' 

D (~) = 4Aq~ (~) exp kT, 

(40) 

(41) 

where  
ks (l + Fs)~ [ l q_Fs____  k s2 q_ F~s ~" kF s3 - F2k s, ] ds 

a 2 a 4a d~ 
(1 + Fs) (Is* + 5s 4) 

Fs ~ k s3 - Fk si ) 
k s q 2 3a 12-~- 

Fs 8 + 5s ~ 

To find a~ we solve Eq. (39). We put the solution in the f o r m  

= o x , [ - . f  a ~  
To ~o 1:o 

(42) 

We substi tute express ion  (42) in (33) 
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u = A (1 - -  mix  + m2x 2) exp kv 

To "~o Ta 

To f ind  a~ we  u s e d  t h e  c o n d i t i o n  

u (l, "~o) = O. 

(43) 

To c o n v e r t  to  v a r i a b l e  t we  u s e  t h e  r e l a t i o n s h i p  

t = t l § u exp (~x - -  kz), 

t = t z + A (1 - -  m ix  -t- m2x 2) exp l~x 

- -  exp - -  k~ - -  C (~) d~. mO t - -  D ('0 exp [ ; C (~) dv ] d~} (m~x - -  xn) �9 

To 

E x p r e s s i o n  (45) i s  t h e  s o l u t i o n  of t h e  posed  p r o b l e m .  The  v a l u e  of T o i s  d e t e r m i n e d  f r o m  (19). 
t h e  c a l c u l a t i o n s  we  d e n o t e  t h e  i n s i d e  v a r i a b l e  of i n t e g r a t i o n  by  r a n d  r e w r i t e  f o r m u l a  (45) a s :  

t -= t l + A (i - -  m~x + m .x  ~) exp p~x 

T 

- -a~  - l e ~ : -  S C ( * ) d * ]  § 4AZ(x)  f Y ( , ) d %  
"go To 

w h e r e  

(44) 

(45) 

To  s i m p l i f y  

(46) 

Z (x) = (m3x - -  x 3) exp ~x, 

Y (~2) = ~ (~2) exp [ - -  k (~ - -  4) C (4) d , ]  

The  i n t e g r a l  M = t r Y(r162 c a n  b e  d e t e r m i n e d  by  n u m e r i c a l  m e t h o d s .  
, i  
"fo 

F i g u r e  2 s h o w s  t h e  s o l u t i o n  of the  p r o b l e m  fo r  t he  f o l l o w i n g  i n i t i a l  da ta :  co = 0 . 4 1 7 '  10 .4 m / s e e  (2.5 
r a m / r a i n ) ,  d e r  = 0 .036 m ,  t L = 936~ t I = 500~ 7t = 17.3  W / r e .  deg,  a = 0.0852 �9 10 .4 m 2 / s e c ,  a = 26.0 
W / m  2 �9 deg,  a e -- 50 W / m  2 �9 deg,  and  l ~- 0.02 m f o r  a c r y s t a l  0.1 m long.  

F o r m u l a  (45) b e c o m e s  the s o l u t i o n  fo r  a f i n i t e  r o d  i f  we  put  co -- 0, s = l = cons t .  The  s o l u t i o n  w i l l  
t h e n  h a v e  the  f o r m  

t = t L - -  A (m~x - -  m~S) - -  P ( m ~ x .  x 3) exp [ - -  (b + Cz) (-~ - -  "to) ] § D:L (m3x _ x3), 
C 1 + b  

(47) 

w h e r e  

C. = - 12a(l  + F / )  ; 
51 ~ q- Fl 3 

Ab 6aF q- 4bl j -  Fbl ~ 
DI = 3a 512q-FI  a : 

p = A (1 - -  roll + m.zl 2) + . D______&_I 

msl - -  p C 1 @ b 

m l ,  m2, and  m 3 a r e  d e t e r m i n e d  f r o m  t h e  f o r m u l a s  g i v e n  a b o v e  wi th  s r e p l a c e d  by  I. 

The  s o l u t i o n  (47) c a n  be  o b t a i n e d  d i r e c t l y  i f  t he  h e a t  b a l a n c e  i n t e g r a l  (34) i s  w r i t t e n  w i th  a c o n s t a n t  
u p p e r  l i m i t .  In  t h i s  c a s e  m l ,  m2, m3, B1, and  B 2 w i l l  be  c o n s t a n t .  W h e n T  = ~ s o l u t i o n  (47) b e c o m e s  the  
s o l u t i o n  of  t he  c o r r e s p o n d i n g  s t e a d y - s t a t e  p r o b l e m .  
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The discussed method can be used to obtain approx imate  solutions for  other moving-boundary  one-  
dimensional  p rob lems  for  which exact solutions cannot be obtained. 

t is the t empe ra tu r e ;  
a is the t he rm a l  diffusivity; 

is the h e a t - t r a n s f e r  coefficient;  
i s  the t he rm a l  conductivity; 

u is  the p e r i m e t e r ;  
p is  the density; 
c is  the specif ic  heat;  
f is  the c r o s s - s e c t i o n a l  a rea ;  
6 is  the penetra t ion depth; 
s is  the posit ion of moving boundary; 
w is  the c rys ta l l i za t ion  velocity;  
L is  the heat of crys ta l l iza t ion;  

is  the t ime.  

N O T A T I O N  

S u b s c r i p t s  

1 denotes the liquid; 
cr  denotes the crys ta l l iza t ion;  
e denotes the end; 
m denotes the melt .  

1. 

2. 
3. 
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